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$*1$ Hechler [8] , , forcing
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. Burke ,
[6].
$*2$ , . , strict upper bound
$A\subseteq Q$ , $a\in A$ $f_{a}\leq*g$ $g\in\omega^{\omega}$ ,
$g$ $g\leq*f_{x}$ $x\in Q$ .
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1
chain condition (ccc) forcing notion $\mathrm{P}$ ,
: $\mathrm{P}$ , $(\omega^{\omega}, \leq^{*})$ $Q$ cofinal
$\{f_{a} : a\in Q\}$ . , $\{f_{a} : a\in Q\}$ ( $\mathrm{t}_{\sqrt}$ ) { .
1. $g\in\omega^{\omega}$ , $g\leq^{*}f_{a}$ $a\in Q$ .
2. $a,$ $b\in Q$ ( , $a\leq b$ , ( $f_{a}\leq*f_{b}$ .
, Soukup[10] , .
L2. $\mathcal{M},$ $N$ $(\subseteq)$ $(\mathcal{M}, \subseteq)$ ,
$(N, \subseteq)$ , Hechler ?
, strict upper bound $Q$ , $\mathrm{c}\mathrm{c}\mathrm{c}$
forcing notion , $(\mathcal{M}, \subseteq)$ $(N, \subseteq)$ cofinal
, $\mathcal{M}$ , $\mathrm{B}\mathrm{a}\mathrm{r}\mathrm{t}\mathrm{o}\mathrm{s}\mathrm{z}\mathrm{y}\acute{\mathrm{n}}\mathrm{s}\mathrm{k}\mathrm{i}$ [4]
. , $N$ , well-founded
.
, . , Hechler
“well-founded iteration” , 2 . , 4
7 , meager ideal null ideal
. 3, 5, 6 , .
[2] $*3$ . $\omega$ $\omega$
$\omega^{\uparrow\omega}$ , $\omega$ $\omega^{\uparrow<\omega}$ . $f,$ $g\in\omega^{\uparrow\omega}$
, $f\subseteq g$ , $n<\omega$ , $g(n)\leq f(m)<f(m+1)\leq$
$g(n+1)$ $m<\omega$ $*4$ . $S= \prod_{n<\omega}[\omega]\leq n$ , $S$
. , $\mathcal{T}=\bigcup_{n<\omega}\prod_{i<n}[\omega]^{\leq i}$ .
3 , “ ” $2^{\omega}$ , , 2
$2=\{0,1\}$ . , $2=\{0,1\}$
1/2 , , $2^{\omega}$
. , $2^{\omega}$ $\mathcal{M}$
$N$ . , $\mathcal{M},$ $N$ ,
$*3$ , forcing I , $p\leq q$ $p$ $q$ condition .
$*4$ , $f\subseteq g$ $f\leq*g$ . , $f\subset g$ $f\subseteq g$ gf
, $f\subset g$ $f\leq*g$ .
2
, , $\mathcal{M},$ $N$ , (
) . , $\mathcal{M},$ $N$
, ( ) .
, . [11] .
L3. $(P, \leq)$ $c\in P$ , $P$ $\leq$
$\leq’$ , , $\leq$ $c$ $y\in P$
$c\leq’y$ .
2Hechler WeII-founded iteration
Hechler , “well-founded iteration”,
, well-founded iteration .
“well-founded iteration” Jech [9, Chapter 23] ,
Dordal [7, Section 1] , “$I$-iteration” “$I$-indexed finite-support iteration” $(I$
well-founded ) , well-founded iteration .
$\mathrm{V}$ ZFC . $\omega^{\omega}$ $g$ , $\mathrm{V}$ $\omega^{\omega}$ $f$
$f\leq*g$ , $g$ $\mathrm{V}$ $\leq*$-dominating( , [ “$\mathrm{V}$ dominating”)
.
Hechler , , $\leq*$ -dominating
forcing notion ( “Hechler $\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{c}\mathrm{i}\mathrm{n}\mathrm{g}$” )$*5$ .
2.1. $\mathrm{D}$ , forcing notion . $\mathrm{D}$ condition
$p=(s^{p}, f^{p})$ , $s^{p}\in\omega^{<\omega}$ $f^{p}\in\omega^{\omega}$ ( ,
$\mathrm{D}=\omega^{<\omega}\cross\omega^{\omega}$ $*6$ ). , $\mathrm{D}$ condition $p$ , $p$
1 2 $s^{p},$ $f^{p}$ .
$\mathrm{D}$ condition $p,$ $q$ , $p\leq q$ , .
1. $s^{p}\supseteq s^{q}$ ,
2. $n<\omega$ [ $f^{p}(n)\geq f^{q}(n)$ , ,
$*5$ “Hechler forcing” . Hechler forcing ,
$\mathrm{D}$ , , Hechler well-founded
iteration .
$*6\mathrm{D}$ , $s^{p}\subseteq f^{p}$ . , ,
forcing notion .
3
3. $|s^{q}|\leq n<|s^{p}|$ $n$ ( , $s^{p}(n)\geq f^{q}(n)$ .
.
22. $\mathrm{D}$ $\sigma$-centered . , $\mathrm{D}$ $\mathrm{c}\mathrm{c}\mathrm{c}$ .
2.3. $\mathrm{V}$ , $G$ $\mathrm{V}$ $\mathrm{D}$-generic . $\mathrm{V}[G]$
, $d_{G}=\cup\{s^{p} : p\in G\}$ . , $d_{G}\in\omega^{\omega}$ , , d $\mathrm{V}$
$\leq*$ -dominating .
, $(Q, \leq)$ well-founded ,
, $\mathrm{D}$ $\leq*$ -dominating . ,
$a\in Q$ , $\mathrm{r}_{a}$ $\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{c}\mathrm{i}\mathrm{n}\mathrm{g}$ $\mathrm{D}$
, forcing , $\mathrm{r}_{a}$ forcing
dominate . , $Q$ rank
.
, generic $\leq*$ , $Q$
. , $Q$ strict upper bound
, generic $(\omega^{\omega}, \leq^{*})$ cofinal .
, $Q$ 2 $a,$ $b$ $d_{a}$ ,
$d_{b}$ , $\leq*$ . ,
.
2.4. $G=G_{1}\cross G_{2}$ $\mathrm{V}$ $\mathrm{D}\cross \mathrm{D}$-generic , , $G_{1},$ $G_{2}$
$\mathrm{V}$ $\mathrm{D}$-generic ) . $\mathrm{V}[G_{1}\cross G_{2}]$ [ , $d_{1}=d_{G_{1}},$ $d_{2}=d_{G_{2}}$
. , $d_{1}\not\leq^{*}d_{2}$ $d_{2}\not\leq^{*}d_{1}$ .
. , $d_{1}\not\leq*d_{2}$ .
$\dot{d}_{1},\dot{d}_{2}$ , $d_{1},$ $d_{2}$ $\mathrm{D}$-name . $(p_{1},p_{2})\in \mathrm{D}\cross \mathrm{D}$
$N<\omega$ ( , $(q_{1}, q_{2})\in \mathrm{D}\cross \mathrm{D}$ $n<\omega$ , $(q_{1}, q_{2})\leq(p_{1},p_{2}),$ $n>N$
$(q_{1}, q_{2})|\vdash\dot{d}_{2}(n)<\dot{d}_{1}(n)$ . ,
$n<\omega$ [ $d_{2}(n)<d_{1}(n)$ , $d_{1}\not\leq^{*}d_{2}$ .
$n= \max\{N, |s^{p1}|, |s^{p2}|\}+1$ . $q_{2}\leq p_{2}$ , $|s^{q2}|\geq n+1$ { .
[ , $q_{1}\leq p_{1}$ , $|s^{q1}|\geq n+1$ $s^{q2}(n)<s^{q_{1}}(n)$ [ . ,
$(q_{1}, q_{2})$ condition .
4
, $Q$ $Q^{*}=Q\cup\{Q\}$ .
$Q^{*}$ rank function . $a\in Q^{*}$ , $Q_{a}=\{x\in Q : x<a\}$
.
$Q^{*}$ rank , $a\in Q^{*}$ forcing notion H
.
H condition $p$ $p=\{(s_{x}^{p}, j_{x}^{p}) : x\in D^{p}\}$ , .
1. $D^{p}$ it Q ,
2. $x\in D^{p}$ , $s_{x}^{p}\in\omega^{<\omega}$ , , $\dot{f}_{x}^{p}$ $\omega^{\omega}$ H name $*7$ .
, , H condition $p$ $s_{x}^{p},$ $j_{x}^{p},$ $D^{p}$ .
p\in H $b<a$ ( , $p$ $b=\{(s_{x}^{p}, j_{x}^{p}) : x\in D^{p}\cap Q_{b}\}$ . ,
$p\mathrm{r}b$ $\mathbb{H}_{b}$ condition .
H condition $p,$ $q$ , $p\leq q$ , .
1. $D^{p}\supseteq D^{q}$ ,
2. $x\in D^{q}$ [ ,
(a) $s_{X}^{p}\supseteq s_{X}^{q}$ ,
(b) $n<\omega$ [ $p$ $x|\vdash_{\mathbb{H}_{x}}$ “$j_{X}^{p}(n)\geq j_{x}^{q}(n)$ ”,
(c) $|s_{x}^{q}|\leq n<|s_{x}^{p}|$ $n$ [ $p\mathrm{r}x|\vdash_{a\mathbb{H}_{e}}$ “$s_{x}^{p}(n)\geq j_{x}^{q}(n)$”
.
H , forcing notion .
, $(s_{x}^{p}, j_{x}^{p})$ “$\mathrm{V}^{\mathbb{H}_{x}}$ $\mathrm{D}$ condition”
. , p\in H $x\in D^{p}$ [ , $|\vdash_{\mathbb{H}_{x}}$ “ $(s_{x}^{p},\dot{f}_{x}^{p})\in\dot{\mathrm{D}}$” (
, $\dot{\mathrm{D}}$ $\mathrm{V}^{\mathbb{H}_{x}}$ forcing notion $\mathrm{D}$ $\mathbb{H}_{x}$ -name) . ,
[ , $p\leq q$ , $x\in D^{q}$ [ , $p$ $x\leq_{\mathbb{H}_{x}}q[x$
$p[x|\vdash_{\mathbb{H}_{x}}$
“ $(s_{x}^{p}, j_{x}^{p})\leq_{\dot{\mathrm{D}}}(s_{x}^{q},\dot{f}_{x}^{q})$ ” . , “$Q$
finite support iteration” . , $Q$
, $Q$ $\alpha$ , $\mathbb{H}_{Q}$ $\alpha$ finite support iteration
$*7$ , $s_{x}^{p}$ $\mathbb{H}_{x}$-name . , , $s_{x}^{p}$
name , , iteration finite support , $s_{x}^{p}$ S
condition dense . , $s_{x}^{p}$
, forcing notion .
5
. , forcing notion “well-founded iteration”
.
H . , H $Q$
$(’,$ $\leq^{*})$ cofinal .
1. $a,$ $b\in Q^{*}$ , $a\leq b$ , $\mathbb{H}_{a}\subseteq \mathbb{H}_{b}$ , , H $\mathbb{H}_{b}$
complete embedding .
2. H $\mathrm{c}\mathrm{c}\mathrm{c}$ .
3. $\mathrm{V}$ , $G$ $\mathrm{V}$ $\mathbb{H}_{Q}$-generic . $\mathrm{V}[G]$ ,
$a\in Q$ , $d_{a}=\cup$ { $s_{a}^{p}$ : $p\in G$ $a\in D^{p}$ } . , $\mathrm{V}[G]$
.
(a) $a\in Q$ [ , $d_{a}\in\omega^{\omega}$ .
(b) $a\leq b$ $d_{a}\leq^{*}d_{b}$ .
(c) [ , $a\not\leq b$ $d_{a}\not\leq^{*}d_{b}$ .
(d) $\omega^{\omega}$ $f$ , f\leq *d $a\in Q$ .
, $Q$ we -founded .
Hechler . $Q$ well-founded cofinal
$R$ , $R^{*}=R\cup\{Q\}$ . $R^{*}$ rank function ,
$x\in Q\backslash R$ [ rank(x) $= \min${ $\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(y)$ : $y\in R^{*}$ $x<y$} [
, $R^{*}$ rank function $Q^{*}$ . rank
, forcing notion .
, $Q$ rank , “rank
”, , “$x<y$ rank(x) $=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(y)$”
. $Q$ well-defined , .
$Q$ rank dominating , $x<y$
rank(x) $<\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(y)$ , $x$ $y$ $\Pi$ 2 $d_{x},$ $d_{y}$
$d_{x}\leq^{*}d_{y}$ . , cofinal
, $R$ $Q$ cofinal , $R$ .
, $x<y$ rank(x) $=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(y)$ 1) , $d_{x}\leq*d_{y}$ ,
forcing notion .
, well-founded $(Q, \leq)$ , H
. $R,$ $R^{*}$ , rank(x) . $a,$ $b\in Q^{*}$
, $a<b$ rank(a) $<\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(b)$ , $a\ll b$ . $a\in Q^{*}$ { ,
6
$Q_{a}=\{x\in Q : x<<a\}$ .
25. $Q^{*}$ rank , $a\in Q^{*}$ forcing notion
H .
H condition $p$ $p=\{(s_{x}^{p}, j_{x}^{p}) : x\in D^{p}\}$ , .
1. $D^{p}$ Q ,
2. $x\in D^{p}$ , $s_{x}^{p}\in\omega^{<\omega},\dot{f}_{x}^{p}$ ’ $\mathbb{H}_{x}$ -name , ,
3. $x,$ $y\in D^{p}$ [ $\mathrm{A}1$ , $x<y$ rank(x) $=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(y)$ , $|s_{x}^{p}|\geq|s_{y}^{p}|$ .
, , H condition $p$ $s_{x}^{p},$ $j_{x}^{p}$ , $D^{p}$ .
p\in H $b<a$ ( , $p$ $b=\{(s_{x}^{p}, j_{x}^{p}) : x\in D^{p}\cap Q_{b}\}$ . ,
$p[b$ $\mathbb{H}_{b}$ condition .
H condition $p,$ $q$ , $p\leq q$ , .
1. DpDq
2. $x\in D^{q}$ [ ,
(a) spxsxq
(b) $n<\omega$ [ $p$ $x|\vdash_{\mathbb{H}_{x}}$ “$j_{x}^{p}(n)\geq j_{x}^{q}(n)$”,
(c) $|s_{x}^{q}|\leq n<|s_{x}^{p}|$ $n$ $p[x|\vdash_{\mathbb{H}_{x}}$ “$s_{x}^{p}(n)\geq j_{x}^{q}(n)$”
, ,
3. $x,$ $y\in D^{p}$ , $x<y$ rank(x) $=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(y)$ , $|s_{y}^{q}|\leq n<|s_{y}^{p}|$
$n$ [ $s_{y}^{p}(n)\geq s_{x}^{p}(n)$ .
p\in H (3) $p\leq q$ (3) , “$x<y$ rank(x) $=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(y)$
$d_{x}\leq*d_{y}$
” . , p\in H (3)
[ , $x,$ $y\in D^{p},$ $x<y$ , rank(x) $=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(y)$ $s_{y}^{p}(n)$ ,
$s_{x}^{p}(n)$ , $p\leq q$ (3) .
H , forcing notion ,
. [6] .
2.6. $a,$ $b\in Q^{*}$ , $a\ll b$ , $\mathbb{H}_{a}\subseteq \mathbb{H}_{b}$ , , H $\mathbb{H}_{b}$
complete embedding .
2.7. $\mathbb{H}_{Q}$ $\mathrm{c}\mathrm{c}\mathrm{c}$ .
7
28. $\mathrm{V}$ , $G$ $\mathrm{V}$ $\mathbb{H}_{Q}$-generic . $\mathrm{V}[G]$ ,
$a\in Q$ } , $d_{a}=\cup$ { $s_{a}^{p}$ : $p\in G$ $a\in D^{p}$ } .
2.9. $a\in Q$ , $d_{a}\in\omega^{\omega}$ .
2.10. $a,$ $b\in Q$ ( , $a\leq b$ $d_{a}\leq*d_{b}$ .
211. $\mathrm{V}[G]$ , $f\in\omega^{\omega}$ , f\leq *d $a\in Q$
.
2.12. $a,$ $b\in Q$ t , $a\not\leq b$ $d_{a}\not\leq*d_{b}$ .
29 212 , 13 . , $t_{x}^{p}$
[ , $y\in D^{p},$ $y<x$ rank(y) $=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(x)$ .$y$ [
, $t_{y}^{p}$ , , $x$ rank $D^{p}$
$<$ , $t_{x}^{p}$
. 4 .
3Forcing “Cohen then dominating”
Hechler , $\leq*$-dominating
forcing $\mathrm{D}$ , $Q$ well-founded $\mathrm{i}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ . $\mathcal{M}$
, “
generic ” forcing notion , well-founded
iteration . , Cohen forcing $\mathbb{C}$ $\mathrm{D}$ twO-step iteration ,
.
Cohen forcing notion , $\mathbb{C}=2^{<\omega}$ .
$\mathrm{V}$ ZFC . $\omega^{\uparrow\omega}$ $g$ , $\mathrm{V}$ $\omega^{\uparrow\omega}$ $f$
$f\subseteq g$ , $g$ $\mathrm{V}$ $\subseteq$-dominating . $g\in\omega^{\uparrow\omega}$ [ , $g$
$\mathrm{V}$ $\leq*$-dominating $\subseteq$-dominating ,
dominating , .
3.1. [5, Theorem 2.10] $M,$ $N$ ZFC , $M\subseteq N$ .
, .
1. $N$ , $M$ $\leq*$ -dominating ’ $g$ .
2. $N$ , $M$ $\subseteq$-dominating $\omega^{\uparrow\omega}$ $g$ .
8
. (2) $arrow(1):M$ $\subseteq$-dominating $g$ $M$ $\leq*$ -dominating
. $f\in\omega^{\omega}\cap M$ . $f\in\omega^{\uparrow\omega}$ . $\overline{f}\in\omega^{\uparrow\omega}\cap M$
, $\overline{f}(n)=f(2n)$ . $g$ { $M$ $\subseteq$-dominating , $\overline{f}\subseteq g$ .
, $\subseteq$ , $m<\omega$ , $n<\omega$
$\overline{f}(n)\leq g(n+m)$ . $f$ $\square$ , $n\geq m$
$f(n+,m)\leq f(2n)=\overline{f}(n)$ . ( $f\leq^{*}g$ .
(1) $arrow(2):g\in\omega^{\omega}\cap N$ $M$ $\leq*$-dominating . $g\in\omega^{\uparrow\omega}$
. $\tilde{g}\in\omega^{\uparrow\omega}\cap N$ , $\tilde{g}(0)=g(0)$ $\tilde{g}(n+1)=g(\tilde{g}(n))$ .
, $\tilde{g}$ $M$ $\subseteq$-dominating .
$f\in\omega^{\uparrow\omega}\cap M$ . $\hat{f}\in\omega^{\omega}\cap M$ , $f(m-1)\leq j<f(m)$
$j$ ( $\hat{f}(j)=f(m+1)$ [ ($j<f(0)$ ( $\hat{f}(j)=0$
). $g$ $M$ $\leq*$ -dominating , $j<\omega$
$\hat{f}(j)\leq g(j)$ . $\hat{f}$ , $n$ ,
$\tilde{g}(n)\leq\hat{f}(\tilde{g}(n))\leq g(\tilde{g}(n))=\tilde{g}(n+1)$ . , $\hat{f}$ , $f(m-1)\leq$
$\tilde{g}(n)<f(m)$ $m$ , $\hat{f}(\tilde{g}(n))=f(m+1)$ . ,
$n<\omega$ , $m$ , $\tilde{g}(n)\leq f(m)<f(m+1)\leq\tilde{g}(n+1)$
. , $f\subseteq\tilde{g}$ .
, $\mathrm{D}$ , $\subseteq$-dominating forcing
notion $\mathrm{D}’$ $*8$ .
3.2. $\mathrm{D}’$ , forcing notion . $\mathrm{D}’$ condition
$p=(s^{p}$ , f , $s^{p}\in\omega^{\uparrow<\omega}$ $f^{p}\in\omega^{\uparrow\omega}$ ( ,
$\mathrm{D}’=\omega^{\uparrow<\omega}\cross\omega^{\uparrow\omega}$ ). , $\mathrm{D}’$ condition $p$ , $p$
1 2 $s^{p},$ $f^{p}$ .
$\mathrm{D}’$ condition $p,$ $q$ , $p\leq q$ , .
1. $s^{p}\supseteq s^{q}$ ,
2. $n<\omega$ , $f^{p}(n-1)\leq f^{q}(m-1)<f^{q}(m)\leq f^{p}(n)$
$m<\omega$ ,
$*8$ 3.1 , $\mathrm{D}’$ $\mathrm{D}$ forcing notion . , $\mathrm{V}$
$\mathrm{D}$-generic $\mathrm{V}$ $\mathrm{D}’$-generic , ,
. , [2, Theorem 351] .
9
3. $|s^{q}|\leq n<|s^{p}|$ $n$ ( , $s^{p}(n-1)\leq f^{q}(m-1)<f^{q}(m)\leq$
$s^{p}(n)$ $m<\omega$ .
2 , 22 23 , .
3.3. $\mathrm{D}’$ $\sigma$-centered . , $\mathrm{D}’$ $\mathrm{c}\mathrm{c}\mathrm{c}$ . $\text{ }$
3.4. $\mathrm{V}$ , $G$ $\mathrm{V}$ $\mathrm{D}’$-generic . $\mathrm{V}[G]$
, $d_{G}=\cup\{s^{p} : p\in G\}$ . , $d_{G}\in\omega^{\uparrow\omega}$ , , d $\mathrm{V}$
$\subseteq$-dominating .
, Cohen forcing $\mathbb{C}$ , $\mathrm{D}’$ twO-step iteration ,
.
3.5. $x\in 2^{\omega}$ $f\in\omega^{\uparrow\omega}$ , $2^{\omega}$ $E_{x,f}$
$E_{x,f}=\{z\in 2^{\omega} : \exists m<\omega\forall n\geq m\exists j\in[f(n), f(n+1))(z(j)\neq x(j))\}$.
.
, $x\in 2^{\omega},$ $f\in\omega^{\uparrow\omega}$ $E_{x,f}\in \mathcal{M}$ .
3.6. $x\in 2^{\omega}$ $f,$ $g\in\omega^{\uparrow\omega}$ , $f\subseteq g$ $E_{x,f}\subseteq E_{x,g}$ .
. .
3.7. $x,$ $y\in 2^{\omega}$ $f,$ $g\in\omega^{\uparrow\omega}$ [ , $f\not\subset g$ $E_{x,f}\not\subset E_{y,g}$ .
. $x,$ $y\in 2^{\omega},$ $f,$ $g\in\omega^{\uparrow\omega}$ $f$ $g$ . .
$A=$ { $n<\omega$ : $k<\omega$ [ $[f(k),$ $f(k+1))\not\subset[g(n),$ $g(n+1))$ }
. , $A$ $\omega$ . $z\in 2^{\omega}$ .
$z(j)=\{$
$y(j)$ $n\in A$ $j\in[g(n),$ $g(n+1))$
$1-x(j)$
, $z\in E_{x,f}\backslash E_{y,g}$ .
3.8. $\mathrm{V}$ , $c\in 2^{\omega}$ $\mathrm{V}$ Cohen , $d\in\omega^{\uparrow\omega}$ $\mathrm{V}[c]$
$\subseteq$-dominating . , $\mathrm{V}$
$X\subseteq 2^{\omega}$ , $X\subseteq E_{c,d}$ .
10
. $X$ $\mathrm{V}$ , $x\in X$ . $c$ $\mathrm{V}$
Cohen , $j<\omega$ $x(j)\neq c(j)$ .
, $\mathrm{V}[c]$ , $\omega$ D , $D_{x}=\{j<\omega : x(j)\neq c(j)\}$
. $d$ $\mathrm{V}[c]$ $\subseteq$-dominating , $n<\omega$
$D\text{ }\cap[d(n),$ $d(n+1))\neq\emptyset$ . $x\in E_{c,d}$ .
4Meager ideal
38 , $\mathbb{C}$ $\mathrm{D}’$ twO-step iteration ,
. , twO-step
iteration $\mathbb{C}*\dot{\mathrm{D}}’$ ( $\dot{\mathrm{D}}’$ $\mathrm{D}’$ $\mathbb{C}$-name) forcing notion ,
well-founded iteration , meager ideal
. , well-founded ,
$\text{ }[3]$ .
, well-founded , . well-
founded $Q$ , 2 well-founded iteration
, $x<y$ rank(x) $=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(y)$ $\mathrm{A}1$ ,
, $x$ $y$ $E_{x},$ $E_{y}$ , $E_{x}\subseteq E_{y}$
.
$\mathbb{C}*\dot{\mathrm{D}}’$ $Q$ well-founded iteration $x$ Cohen
$\subseteq$-dominating $c_{x}$ , d , $E_{x}=E_{c_{x},d_{x}}$ . $x,$ $y\in Q$
$x<y$ rank(x) $=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(y)$ . , $c_{x}$ $c_{y}$ [
, $d_{x}\subseteq d_{y}$ , $E_{x}\subseteq E_{y}$ .
, $\{E_{x} : x\in Q\}$ , $(Q, \leq)$ .
[ , $x<y$ rank(x) $=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(y)$ $x,$ $y\in Q$
, Cohen $c$ , $E_{x}=E_{c,d_{x}},$ $E_{y}=E_{c,d_{y}}$ . ,
$x\in Q$ Cohen , rank 1
Cohen , rank $x$ , Cohen
. , forcing $d_{x}\subseteq d_{y}$ ,
36 , $E_{x}\subseteq E_{y}$ .
, well-founded iteration .
$(Q, \leq)$ , $Q^{*},$ $R$ , rank function, $\ll$ , Q 2
11
. $D\subseteq Q$ , $\overline{D}=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}$” $D=$ {rank(x) : $x\in D$ } (rank function
$D$ ) . , $D\subseteq Q$ $\xi<\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(Q)$ , $D_{\xi}=$ { $y\in D$ :rank(\emptyset $=\xi$ }
, rank(x) $=\xi$ $x\in Q$ , $D\leq x=\{y\in D_{\xi} : y\leq x\}$ .
4.1. $Q^{*}$ rank , $a\in Q^{*}$ forcing notion
M .
M condition $p$ $p=$ $(\{s_{\xi}^{p} : \xi\in\overline{D}^{p}\}, \{(t_{x}^{p},\dot{f}_{x}^{p}) : x\in D^{p}\})$ ,
.
1. $D^{p}\#\mathrm{h}$ Q ,
2. $\xi\in\overline{D}^{p}$ $s_{\xi}^{p}\in \mathbb{C}(=2^{<\omega})$ ,
3. $x\in D^{p}$ , $t_{x}^{p}\in\omega^{<\omega},$ $j_{x}^{p}$ $\omega^{\uparrow\omega}$ $\mathrm{M}_{x}*\mathbb{C}$-name $*9$ .
, , M condition $p$ $s_{\xi}^{p},$ $t_{x}^{p},$ $j_{x}^{p},$ $D^{p}$ .
p\in M $b<a$ , $D’=D^{p}\cap Q_{b}$ , $p$ $b=(\{s_{\xi}^{p} : \xi\in\overline{D}’\},$ { $(t_{x}^{p}, j_{x}^{p})$ : $x\in$
$D’\})$ . , $p$ $b$ $\mathrm{M}_{b}$ condition .
M condition $p,$ $q$ , $p\leq q$ , .
1. $D^{p}\supseteq D^{q}$ ,
2. $\xi\in\overline{D}^{q}$ } $s_{\xi}^{p}\supseteq s_{\xi}^{q}$ ,
3. $x\in D^{q}$ [ , $t_{x}^{p}\supseteq t_{x}^{q}$ , , $\xi=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(x)$ , $\mathrm{M}_{x}*\mathbb{C}$
condition ($p$ $x$ , $s_{\xi}^{p}$ ) ($\mathrm{M}_{x}*\mathbb{C}$ forcing ) force :
(a) $n<\omega$ { , $j_{x}^{p}(n)\leq j_{x}^{q}(k)<j_{x}^{q}(k+1)\leq j_{x}^{p}(n+1)$
$k<\omega$ .
(b) $|t_{x}^{q}|\leq n<|t_{x}^{p}|$ $n$ [ , $t_{x}^{p}(n-1)\leq j_{x}^{q}(k)<j_{x}^{q}(k+1)\leq$
$t_{x}^{p}(n)$ $k<\omega$ .
4. $x,$ $y\in D^{q}$ [ , $x<y$ , rank(x) $=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(y)$ , $n\geq 1$ $|t_{y}^{q}|\leq$
$n<|t_{y}^{p}|$ $n$ [ , $t_{y}^{p}(n-1)\leq t_{x}^{p}(k-1)<t_{x}^{p}(k)\leq t_{y}^{p}(n)$
$k<\mathrm{t}t_{x}^{p}|$ .
, , rank $\xi$ ,
, 1 Cohen $c_{\xi}$ , , rank(x) $=\xi$ $x\in Q$
, $\mathrm{V}^{\mathrm{M}_{x}*\mathbb{C}}$ $\subseteq$-dominating
$*9$ Cohen forcing notion $\mathbb{C}=2^{<\omega}$ , $\mathbb{C}$ Cohen forcing notion $\mathrm{M}_{x}$-name
, Cohen forcing notion , .
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. , $x\in Q$ $\mathbb{C}*\dot{\mathrm{D}}’$ forcing
, ( ) $\mathbb{C}$ rank , $\dot{\mathrm{D}}’$
$x\in Q$ .
, $\mathrm{M}_{Q}$ forcing notion . Burke [6]
.
4.2. $a,$ $b\in Q^{*}$ , $a<<b$ , $\mathrm{M}_{a}\subseteq \mathrm{M}_{b}$ , , M $\mathrm{M}_{b}$
complete embedding .
. $a\ll b$ . $p,$ $q\in \mathrm{M}_{a}$ [ , $p,$ $q$ M incompatible , $\mathrm{M}_{b}$
incompatible . , $p\in \mathrm{M}_{b}$ [ $p’=p$ a\in M ,
$r\in \mathrm{M}_{a}$ $r\leq p’$ , $r$ $p’$ common extension $\mathrm{M}_{b}$ condition
.
4.3. $a\in Q$ , $A_{a}=\{p\in \mathrm{M}_{Q} : a\in D^{p}\}$ M
dense .
. $a\in Q,$ $p\in \mathrm{M}Q$ $a\not\in D^{p}$ . q\in M .
1. $D^{q}=D^{p}\cup\{a\}$ ,
2. $\alpha=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(a)\not\in\overline{D}^{p}$ $s_{\alpha}^{q}=\emptyset$ ,
3. $t_{a}^{q}=\emptyset$ , $j_{a}^{q}$ ’ $\mathrm{M}_{a}$-name,
4. $q$ $p$ .
$q\leq p$ q\in A .
4.4. $a\in Q$ $N<\omega$ , $A_{a}^{N}=\{p\in \mathrm{M}_{Q}$ : $a\in D^{p}$ $|t_{a}^{p}|\geq$
$N\}$ $\mathrm{M}Q$ ( dense .
. $a\in Q$ $\alpha=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(a)$ . p\in M . 43 , $a\in D^{p}$
. $p$ , q\in M , $q\leq p$ $|s_{a}^{q}|\geq|s_{a}^{p}|+1$
.
13 , Dp\leq ’ . , $D_{\leq a}^{p}=$
$\{x_{1}, \ldots, x_{n}\}$ $x_{1}<’\cdots<’x_{n}=a$ . $i\leq 2^{n+1}-1$ [ ,
condition $p=p^{0}\geq p^{1}\geq\cdots\geq p^{2^{n+1}-1}=q$ .
1: , $w\in \mathrm{M}_{x_{1}},$ $v\in \mathbb{C},$ $h\in\omega^{\uparrow\omega}$ , .




3. $h(|h\ovalbox{\tt\small REJECT} 2)\ovalbox{\tt\small REJECT} t\ovalbox{\tt\small REJECT},$ ( $|t\ovalbox{\tt\small REJECT}_{1}\ovalbox{\tt\small REJECT} \mathfrak{y}$ ,
4. $(w, v)1\vdash_{\mathrm{M}_{x_{1}}\ovalbox{\tt\small REJECT} \mathbb{C}}h\ovalbox{\tt\small REJECT} I\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$. $\cdot$
$\dot{f}_{x_{1}}^{p^{0}}$ name .
$l= \max(\{t_{x_{j}}^{p^{0}}(|t_{x_{j}}^{p^{0}}|-1) : 1\leq j\leq n\}\cup\{h(|h|-1)\})+1$ , $p^{1}\in \mathrm{M}_{Q}$
.
1. $D^{p^{1}}=D^{w}\cup D^{p^{0}}$ ,
2. $\xi\in\overline{D}^{w}$ , $s_{\xi}^{p^{1}}=s_{\xi}^{w}$ ,
3. $x\in D^{w}$ ( , $t_{x}^{p^{1}}=t_{x}^{w}$ $\dot{f}_{x}^{p^{1}}=j_{x}^{w}$ ,
4. $s_{\alpha}^{p^{1}}=v$ ,
5. $t_{x_{1}}^{p^{1}}=t_{x_{1}}^{p^{0}\wedge}\langle l\rangle$ $j_{x_{1}}^{p^{1}}=j_{x_{1}}^{p^{0}}$ ,
6. $p^{1}$ $p^{0}$ .
, $p^{1}\leq p^{0}$ .
2: $w\in \mathrm{M}_{x_{1}},$ $v\in \mathbb{C},$ $h\in\omega^{\uparrow\omega}$ .
1. $w\leq p^{1}\mathrm{r}_{X_{1}}$ ,
2. $v\leq s_{\alpha}^{p^{1}}$ ,
3. $h(|h|-2)\geq t_{x_{1}}^{p^{1}}(|t_{x_{1}}^{p^{1}}|-1),$ $\mathrm{B}^{\mathrm{y}^{\tau}\supset}$
$4$ . $(w, v)|\vdash_{\mathrm{M}_{x_{1}}*\mathbb{C}}h\subseteq j_{x_{1}}^{p^{1}}$ .
, $l= \max\{t_{x_{\mathrm{j}}}^{p^{1}}(|t_{x_{j}}^{p^{1}}|-1), h(|h|-1)\}+1$ , $p^{2}\leq p^{1}$ 71 [
.
3: $x_{2}$ . $w\in \mathrm{M}_{x_{2}},$ $v\in \mathbb{C},$ $h\in\omega^{\uparrow\omega}$ .
1. $w\leq p^{2}$ $x_{2}$ ,
2. $v\leq s_{\alpha}^{p^{2}}$ ,
3. $h(|h|-2)\geq t_{x_{2}}^{p^{2}}(|t_{x_{2}}^{p^{2}}|-1)$ ,
4. $(w, v)|\vdash_{\mathrm{M}_{x_{2}}*\mathbb{C}}h\subseteq j_{x_{2}}^{p^{2}}$ .
, $l= \max\{t_{x_{\mathrm{j}}}^{p^{2}}(|t_{x_{\mathrm{j}}}^{p^{2}}|-1), h(|h|-1)\}+1$ , $p^{3}\leq p^{2}$ .
1. $D^{p^{3}}=D^{w}\cup D^{p^{2}}$ ,
2. $\xi\in\overline{D}^{w}$ [ , $s_{\xi}^{p^{3}}=s_{\xi}^{w}$ ,
3. $x\in D^{w}$ ( , $t_{x}^{p^{3}}=t_{x}^{w}$ $j_{x}^{p^{3}}=\dot{f}_{x}^{w}$ ,
14
$x_{1}$
$\ovalbox{\tt\small REJECT} t_{x_{1}}^{r^{0}}(|t_{x_{1}}^{r^{0}}|-1)12458$. . .
$x_{2}$




1: $x_{1},$ $\ldots,$ $x_{n}$ $t$
4. $s_{\alpha}^{p^{3}}=v$ ,
5. $t_{x_{2}}^{p^{3}}=t_{x_{2}}^{p^{2}\wedge}\langle l\rangle$ $\dot{f}_{x_{2}}^{p^{3}}=j_{x_{2}}^{p^{2}}$ ,
6. $p^{3}$ $p^{2}$ .
, 1 . , ,
$x_{j}$ , $t$ 1 , ,
1. $t$ , ,
2. $t$ 1 , $j$ 1
, $t$ . , (2) , $j$ ,
$t$ 2 , 2
$t$ . , $j$ , $x_{j}$ $t$
2 , $x_{j+1}$ , $t$ 1
. , $t$ 1 , (1) , $x_{j}$ $t$
. , M condition
, $x_{1},$ $\ldots,$ $x_{n}$ $t$ .





, , $x<y$ rank(x) $=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(y)$
, $t_{x}^{p}$ $t_{y}^{p}$ , $t_{y}^{p}$
. $Q$ well-founded , .
45. $N<\omega$ , $A^{N}=\{p\in \mathrm{M}_{Q}$ : $a\in D^{p}$
$|t_{a}^{p}|\geq N\}$ $\mathrm{M}_{Q}$ dense .
. 4.4 , $\max\overline{D}^{p}$ . ,
$\max$ $\overline{D}^{p}<\alpha$ condition $p$ , $q\in A^{N},$ $q\leq p$ $\max\overline{D}^{q}<\alpha$
$q$ , $\max\overline{D}^{p}=\alpha$ condition ,
4.4 $w$ , $A^{N}$ . $\text{ }$
4.6. $\mathrm{M}Q$ $\mathrm{c}\mathrm{c}\mathrm{c}$ .
. $A$ $\mathrm{M}_{Q}$ condition . $\Delta$-system lemma ,
$A’\subseteq A$ , .
1. $\{\overline{D}^{p} : p\in A’\}$ $\rho$ root $\Delta$-system ,
2. $\{D^{p} : p\in A’\}$ $r$ root $\Delta$-system ,
3. $\xi\in r$ [ , $p\in A’$ [ $s_{\rho}^{p}$ , ,
4. $x\in r$ [ , $p\in A’$ [ $t_{x}^{p}$ .
, $A’$ 2 condition , $\mathrm{M}_{Q}$ compatible .
4.7. $\mathrm{V}$ , $G$ $\mathrm{V}$ $\mathrm{M}_{Q}$ -generic . $a\in Q$ ,
$G\mathrm{r}a=G\cap \mathrm{M}_{a}=\{p[a : p\in G\}$ .
$\mathrm{V}[G]$ , $\alpha<\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(Q)$ , $c_{\alpha}=\cup$ { $s_{\alpha}^{p}$ : $p\in G$ $\alpha\in\overline{D}^{p}$ } ,
, $a\in Q$ [ , $d_{a}=\cup${ $t_{a}^{p}$ : $p\in G$ $a\in D^{p}$ } .
4.8. $a\in Q$ $\alpha=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(a)$ . , .
1. $c_{\alpha}\in 2^{\omega}$ , , c $\mathrm{V}[G\lceil a]$ Cohen .
2. $d_{a}\in\omega^{\uparrow\omega}$ , , d $\mathrm{V}[G[a][c_{\alpha}]$ $\subseteq$-dominating .
. (1) . (2) , 43, 4.4 M .
4.9. $a,$ $b\in Q$ [ , $a\leq b$ $d_{a}\subseteq d_{b}$ .
16
. $a\ll b$ , 48 . $a<b$ rank(a) $=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(b)$ ,
M .
410. $a,$ $b\in Q$ ( , $a\not\leq b$ dad .
. 4.4 2 .
$a\not\leq b$ , $\alpha=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(a)$ , $\beta=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(b)$ $\text{ }$ . $p\in \mathrm{M}_{Q}$ $N<\omega$ \hslash ‘‘‘‘
. 43 , $a,$ $b\in D^{p}$ . $\dot{d}_{a},\dot{d}_{b}$ , $d_{a},$ $d_{b}$
$\mathrm{M}Q$-name . , $q\in \mathrm{M}_{Q}$ $n<\omega$ , $q\leq p,$ $n>N$
$q|\vdash_{\mathrm{M}_{Q}}$ “ $k<\omega$ [ [$\dot{d}_{a}(k),\dot{d}_{a}(k+1))\not\subset[\dot{d}_{b}(n-1),\dot{d}_{b}(n))$”
. ( , $[d_{a}(k),$ $d_{a}(k+1)$ ) $\subseteq[d_{b}(n-1),$ $d_{b}(n))$
$k$ $n<\omega$ , $d_{a}\Subset d_{b}$
.
$n= \max\{N, |t_{b}^{q}|\}$ .
, Dp\leq ’ . , $D_{\leq b}^{p}=\{x_{1}, \ldots, x_{m}\}$
$x_{1}\leq^{J}\cdots\leq’x_{m}=b$ .. $<’$ 4.4 ,
$p’\leq p$ , $|t_{b}^{p’}|=n+2,$ $t_{a}^{p’}=t_{a}^{p}$ $t_{b}^{p’}(n)>t_{a}^{p’}(|t_{a}^{p’}|-1)$ [ .
. , $a\not\leq b$ , , $1\leq j\leq m$
$j$ { 1) $a\not\in Q_{x_{j}}$ , , $p$ $p’$ [ $t_{a}^{p}$
.
, Dp\leq ’ $<$ $<’’$ , .’ $D_{\leq a}^{p’}=\{y_{1}, \ldots, y\iota\}$
$y_{1}\leq’’\cdots\leq’’y_{l}=a$ . $<’’$ 4.4 , $q\leq p’$
, $|t_{a}^{q}|=|t_{a}^{p’}|+1$ $t_{a}^{q}(|t_{a}^{p’}|)>t_{b}^{q}(n+1)=t_{b}^{p’}(n+1)$ [ .
, condition $q$ [$d_{b}(n),$ $d_{b}(n+1))$ $d_{a}$ (
force .
4.11. $\mathrm{V}[G]$ , $a\in Q$ , $\alpha=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(a)$ , Ea=Ec ,d .
4.12. $a\in Q$ . $\mathrm{V}[G\mathrm{r}a]$ $X\subseteq 2^{\omega}$
, XE .
. 38 48 .
4.13. $a,$ $b\in Q$ , $a\leq b$ $E_{a}\subseteq E_{b}$ , , $a\not\leq b$
$E_{a}\not\subset E_{b}$ .
17
. $a\ll b$ , 4.12 EaE . $a<b$ rank(a) $=$
rank(b) , 36 49 , $E_{a}\subseteq E_{b}$ . $a\not\leq b$ ,
37 4.10 , $E_{a}\not\subset E_{b}$ .
414. $\mathrm{V}[G]$ , $2^{\omega}$ $X$ , XE
$a\in Q$ .
. $X$ . $Q$ , $Q$
strict upper bound , $X$ $a\in Q$
$\mathrm{V}[G\mathrm{r}a]$ . , 4.12 , XE .
, .
4.15(Meager ideal ). $(Q, \leq)$ , , ,
strict upper bound ( , $A\subseteq Q$
, $b\in Q$ , $a\in A$ [ $\mathrm{t}$ ) $a<b$ ) .
, $\mathrm{M}_{Q}$ , $(\mathcal{M}, \subseteq)$ $Q$ cofinal
$\{E_{a} : a\in Q\}$ . , $\{E_{a} : a\in Q\}$ .
1. $X\in \mathcal{M}$ , XE $a\in Q$ .
2. $a,$ $b\in Q$ , $a\leq b$ , $E_{a}\subseteq E_{b}$ .
5Null ideal
, null ideal .
$N$ ,
forcing notion , well-founded iteration
. forcing notion , amoeba forcing A ,
localization forcing $\mathrm{L}\mathbb{O}\mathbb{C}$ , localization forcing .
, localization forcing , [1] ,
I/) $\omega^{\omega}$ .
$h\in\omega^{\uparrow\omega}$ , $1\leq n<\omega$ $2^{h(n)-h(n-1)}\geq n+1$ [ $*10$ ( ,
$h(n)=n^{2}$ ). $n<\omega$ , $\{C_{i}^{n} : i<\omega\}$ , $2^{\omega}$
$*10[1]$ $h(n)=n$ . , , 55
, $2^{h(n)-h(n-1)}\geq n+1$ .
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(clopen) $2^{-h(n)}$ . ,
$h$ $C_{i}^{n}$ , ,
$*11$ .
5.1. $f\in$ ’ , $H_{f}\subseteq 2^{\omega}$ ,
$H_{f}=\cap\cup C_{f(n)}^{n}Nn>N=$ { $z\in 2^{\omega}$ : $n<\omega$ $z\in C_{f(n)}^{n}$ }
.
, $H_{f}$ $G_{\delta}$- , . , $\{Hf : f\in\omega^{\omega}\}$ $N$
cofinal . , $N$ $f\in$ ’
.
5.2. $X\subseteq 2^{\omega}$ , $X\subseteq H_{f}$ $f\in\omega^{\omega}$ .
. $\{\sqrt n : n<\omega\}$ , $\omega$ . $n<\omega$
, $\epsilon_{n}=\sum_{i\in J_{n}}2^{-h(i)}$ . $X$ , $n<\omega$ , $O_{n}$ ,
$X\subseteq O_{n}$ $\mu(O_{n})<\epsilon_{n}$ . , $O_{n}$ , $J_{n}$ $\omega$
$f_{n}$ , $O_{n} \subseteq\bigcup_{i\in J_{n}}C_{f_{n}(i)}^{i}$ . $f\in\omega^{\omega}$ , $n<\omega$
$f\mathrm{r}J_{n}=f_{n}$ . , $x\in X$ [ , x\in Cf|. )
$i<\omega$ . , $X\subseteq H_{f}$ .
5.1 , ( 1 ) ,
.
5.3. $\varphi\in S$ , $H_{\varphi}\subseteq 2^{\omega}$
$H_{\varphi}=\cap\cup\cup C_{i}^{n}Nn>Ni\in\varphi(n)=$ { $z\in 2^{\omega}$ : $n<\omega$ [ $z\in i\in\varphi(n)\cup C_{1}^{n}$. }
.
, $H_{\varphi}$ $G_{\delta}-$ , , .
5.4. 1. $f\in\omega^{\omega}$ $\varphi\in S$ , $n<\omega$
$f(n)\in\varphi(n)$ , $H_{f}\subseteq H_{\varphi}$ .
$*112^{\omega}$ , ( , 2‘ $2^{<\omega}$ 1 1
) , . , $c_{i}^{n}$ , .
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2. $\varphi,$ $\psi\in S$ , $n<\omega$ $\psi(n)\subseteq\varphi(n)$ ,
$H_{\psi}\subseteq H_{\varphi}$ .
, . , $\varphi\in S$ $H_{\varphi}$
, $f\in\omega^{\omega}$ $H_{\varphi}\subseteq H_{f}$ .
, $H_{\varphi}$ , $H_{\varphi}$
. , .
5.5. $\varphi\in S$ , $r_{\varphi}\in\omega^{\omega}$ , $n<\omega$
. $r_{\varphi}(0)=0$ , $1\leq n<\omega$ ,
$r_{\varphi}(n)= \min\{i<\omega : C_{i}^{n}\subseteq C_{r_{\varphi}(n-1)}^{n-1}\backslash \cup C_{j}^{n}\}j\in\varphi(n)$
.
.
$h$ $2^{h(n)-h(n-1)}\geq n+1$ [ t) , $j,$ $k<\omega$ [
$\mu(C_{j}^{n-1})\geq(n+1)\cdot\mu(C_{k}^{n})$ . , $C_{i}^{n} \subseteq C_{r_{\varphi}(n-1)}^{n-1}\backslash \bigcup_{j\in\varphi(\mathrm{n})}C_{j}^{n}$
$i<\omega$ . , $r_{\varphi}$ .
5.6. $\varphi\in S$ , $R_{\varphi}= \bigcap_{n<\omega}C_{t_{\varphi}(n)}^{n}$ .
5.7. $\varphi\in S$ , $R_{\varphi}$ .
. , $R_{\varphi}$ ( $\subseteq$ )
. , $2^{\omega}$ .
5.8. $\varphi\in S$ , $R_{\varphi}\cap H_{\varphi}=\emptyset$ .
. $A_{\varphi}= \bigcup_{n<\omega}\bigcup_{i\in\varphi(n)}C_{i}^{n}$ . , $H_{\varphi}\subseteq A_{\varphi}$ . , $r_{\varphi}$
, $R_{\varphi}\cap A_{\varphi}=\emptyset$ . , $R_{\varphi}\cap H_{\varphi}=\emptyset$ .
5.9. $\varphi,$ $\psi\in S$ { , $n<\omega$ [ $r_{\varphi}(n)\in\psi(n)$ ,
$H_{\psi}\not\subset H_{\varphi}$ .
. , $R_{\varphi}\subseteq H_{\psi}$ . , 57
58 , $H_{\psi}\not\subset H_{\varphi}$ .
59 , $\varphi,$ $\psi\in S$ , $H_{\psi}$ $H_{\varphi}$ ,
. , 7 ,
$N$ .
20
, 59 $\varphi,$ $\psi,$ $r_{\varphi}$
, $\varphi$ $r_{\varphi}$ $h$ $C_{i}^{n}$






, [2, Section 3.1] localization forcing
.
6.1. Localization forcing $\mathrm{L}\mathbb{O}\mathbb{C}$ , $*12$ . $\mathrm{L}\mathbb{O}\mathbb{C}$ condition
$p$ $p=(s^{p}, F^{\mathrm{p}})$ , $s^{p}\in \mathcal{T},$ $F^{p}$ $\omega^{\omega}$ , , $|s^{p}|\geq|F^{p}|$
. , $\mathrm{L}\mathbb{O}\mathbb{C}$ condition $p$ , $p$ 1
2 $s^{p},$ $F^{p}$ .
$\mathrm{L}\mathbb{O}\mathbb{C}$ condition $p,$ $q$ , $p\leq q$ , .
1. $s^{p}\supseteq s^{q}$ ,
2. $F^{p}\supseteq F^{q}$ , ,
3. $|s^{q}|\leq n<|s^{p}|$ $n$ , $f\in F^{q}$ ( , $f(n)\in s^{p}(n)$
.
, $\mathrm{L}\mathbb{O}\mathbb{C}$ .
6.2. $\mathrm{V}$ , $G$ $\mathrm{V}$ $\mathrm{L}\mathbb{O}\mathbb{C}$-generic . $\mathrm{V}[G]$
, $\varphi c=\cup\{s^{p} : p\in G\}$ . , $\varphi_{G}\in S$ , , $\mathrm{V}$





$\mathrm{L}\mathbb{O}\mathbb{C}$ [2, Section 31] ,
. , well-founded iteration .
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63. $\mathrm{V}$ , $G$ $\mathrm{V}$ $\mathrm{L}\mathbb{O}\mathbb{C}$ -generic . HG=H,
. , $\mathrm{V}[G]$ , $\mathrm{V}$ $2^{\omega}$ $X$
$X\subseteq H_{G}$ .
. 5.4 62 .
6.4. $\mathrm{L}\mathbb{O}\mathbb{C}$ $\sigma$-linked . , $\mathrm{L}\mathbb{O}\mathbb{C}$ $\mathrm{c}\mathrm{c}\mathrm{c}$ .
. $L=\{p\in \mathrm{L}\mathbb{O}\mathbb{C} : |s^{p}|\geq 2\cdot|F^{p}|\}$ $\mathrm{L}\mathbb{O}\mathbb{C}$ dense
. $L$ hnked .
$t\in \mathcal{T}$ , $L_{t}=\{p\in L:s^{p}=t\}$ . . , $L=\cup\{L_{t}$ : $t\in$
$\mathcal{T}\}$ . , $t\in \mathcal{T}$ $p,$ $q\in L_{t}$ , $(t, F^{p}\cup F^{q})$ $\mathrm{L}\mathbb{O}\mathbb{C}$ condition
, $p,$ $q$ common extension . , $t$ ( 1) , $L_{t}$ (
condition 2 $\mathrm{L}\mathbb{O}\mathbb{C}$ compatible .
5 , $\mathrm{V}[G]$ , \mbox{\boldmath $\varphi$} r, $R,G$
$*13$ . $r_{\varphi}$ , $r_{\varphi}(n)$ , $\varphi$ $\varphi$ $(n+1)\in \mathcal{T}$
. , $r_{\varphi_{G}}$ $\mathrm{L}\mathbb{O}\mathbb{C}$-name $\dot{r}$ , , $p\in \mathrm{L}\mathbb{O}\mathbb{C}$
, $|s^{p}|=n$ $p$ $\dot{r}$ $n$
.
, 7 . ,
, .
Localization forcing product $\mathrm{L}\mathbb{O}\mathbb{C}\cross \mathrm{L}\mathbb{O}\mathbb{C}$ . $\mathrm{L}\mathbb{O}\mathbb{C}\cross \mathrm{L}\mathbb{O}\mathbb{C}$
, generic 2 , ( , $\subseteq$
) .
6.5. $G=G_{1}\cross G_{2}$ $\mathrm{V}$ $\mathrm{L}\mathbb{O}\mathbb{C}\cross \mathrm{L}\mathbb{O}\mathbb{C}$-generic , $G_{1}$ $G_{2}$
$\mathrm{V}$ $\mathrm{L}\mathbb{O}\mathbb{C}$-generic . $\mathrm{V}[G]$ , $i=1,2$ $\varphi_{i}=\varphi_{G}$ :
$H_{i}=H_{\varphi_{i}}$ . , $H_{1}\not\subset H_{2}$ $H_{2}\not\subset H_{1}$ . .
. , $H_{1}\not\subset H_{2}$ . $r_{2}=r_{\varphi_{2}},$ $R_{2}=R_{\varphi 2}$ .
$R_{2}\neq\emptyset$ , , $R_{2}\cap H_{2}=\emptyset$ , $R_{2}\subseteq H_{1}$ .
$*13$ , , R, $\mathrm{V}$ random . ,
62 , $\mathrm{V}$ H, , , R, $H,G$
.
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$\dot{r}_{2}$ , $r_{2}$ $\mathrm{L}\mathbb{O}\mathbb{C}$-name , , $|s^{p}|=n$ $p$ $\dot{r}_{2}$ $n$
. $(p_{1},p_{2})\in \mathrm{L}\mathbb{O}\mathbb{C}\cross \mathrm{L}\mathbb{O}\mathbb{C}$ $N<\omega$ . , $(q_{1}, q_{2})\in$
$\mathrm{L}\mathbb{O}\mathbb{C}\cross \mathrm{L}\mathbb{O}\mathbb{C}$ $n<\omega$ , $(q_{1}, q_{2})\leq(p_{1},p_{2}),$ $n>N$ $(q_{1}, q_{2})|\vdash\dot{r}_{2}(n)\in s^{q_{1}}(n)$
. , $n<\omega$ $r_{2}(n)\in\varphi_{1}(n)$
, , $R_{2}\subseteq H_{1}$ .
$n= \max\{N, |s^{p_{1}}|, |s^{p_{2}}|\}+1$ . $q_{2}\leq p_{2}$ , $|s^{q_{2}}|\geq n+1$ ( .
, condition $q_{2}$ $\dot{r}_{2}(n)$ , ( $q_{2}|\vdash\dot{r}_{2}(n)=k$ .
, $q_{1}\leq p_{1}$ , $|s^{q_{1}}|\geq n+1$ $k\in s^{q_{1}}(n)$ ( .
, $(q_{1}, q_{2})$ condition .
7Null ideal
, 6 localization forcing well-founded iteration
, Null ideal . , ,
$Q$ well-founded .
$(Q, \leq)$ well-founded . $Q^{*}$ , rank function, Q 2
.
7.1. $Q^{*}$ rank , $a\in Q^{*}$ forcing notion N
.
N condition $p$ $p=\{(s_{x}^{p}, F_{x}^{p}) : x\in D^{p}\}$ , .
1. $D^{p}$ it Q ,
2. $x\in D^{p}$ , $s_{x}^{p}\in \mathcal{T},$ $F_{x}^{p}$ $\omega^{\omega}$ N name
$*14$ , ,
3. $x\in D^{p}$ , $|s_{x}^{p}|\geq|F_{x}^{p}|$ .
, , N condition $p$ $s_{x}^{p},$ $F_{x}^{p},$ $D^{p}$ .
$*14$ , $F_{x}^{p}$ $\mathrm{r}_{\omega^{\omega}}$ $\mathrm{N}_{x}- \mathrm{n}\mathrm{a}\mathrm{m}\mathrm{e}$ . ,
, $F_{x}^{p}$ condition dense , ,
$n$ , $n$ $\mathrm{n}\mathrm{a}\mathrm{m}\mathrm{e}$ $\mathrm{r}_{n}$ name
, $F_{x}^{p}$ name , forcing notion . , ,
$F_{x}^{p}$ $\dot{F}_{x}^{p}$ , $F_{x}^{p}$ name ,
name , .
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p\in N $b<a$ ( , $D’=D^{p}\cap Q_{b}$ , $p$ $b=\{(s_{x}^{p}, F_{x}^{p}) : x\in D’\}$
. , $p\mathrm{r}b$ $\mathrm{N}_{b}$ condition .
N condition $p,$ $q$ , $p\leq q$ , .
1. $D^{p}\supseteq D^{q}$ ,
2. $x\in D^{q}$ G , $s_{x}^{p}\supseteq s_{x}^{q},$ $F_{x}^{p}\supseteq F_{x}^{q}$ , , $|s_{x}^{q}|\leq n<|s_{x}^{p}|$
$n<\omega$ $j\in F$ ( $p$ $x\mathrm{I}\vdash_{\mathrm{N}_{x}}j(n)\in s_{x}^{p}(n)$ .
7.2. $a,$ $b\in Q^{*}$ , $a\ll b$ , N $\mathrm{N}_{b}$ complete
embedding .
. 42 .
7.3. $a\in Q$ , $B_{a}=\{p\in \mathrm{N}_{Q} : a\in D^{p}\}$ N dense
.
. $p\in \mathrm{N}_{Q}$ $a\not\in D^{p}$ . $q\in \mathrm{N}Q$ .
1. $D^{q}=D^{p}\cup\{a\}$ ,
2. $s_{a}^{q}=\emptyset,$ $F_{a}^{q}=\emptyset$ ,
3. $q$ $p$ .
, $q\leq p$ q\in B .
7.4. $a\in Q$ $N<\omega$ , $B_{a}^{N}=\{p\in \mathrm{N}_{Q}$ : $a\in D^{p}$ $|s_{a}^{p}|\geq$
$N\}$ N dense .
. $p\in \mathrm{N}_{Q},$ $a\in Q$ $N<\omega$ . 73 , $a\in D^{p}$
.
$|s_{a}^{p}|<N$ . $r\in$ N , $r\leq p$ , $j\in F_{a}^{p}$ [ $r$
$j\mathrm{r}N$ . $|s_{a}^{p}|\leq n<N$ $n$ ,
$K_{n}=$ { $k<\omega$ : $r$ 1\vdash N $\dot{f}\in F_{a}^{p}$ & $j(n)=k$ } . $q$ (
.
1. $D^{q}=D^{q}\cup D^{r}$
2. $\text{ }x\in D^{f}$ [ , $s_{x}^{q}=s_{X}^{r}$ $F_{X}^{q}=F_{x}^{r}$ ;
3. $s_{a}^{q}$ , $\mathcal{T}$ : $|s_{a}^{q}|=N,$ $s_{a}^{q}\supseteq s_{a}^{p}$ ,
$|s_{a}^{p}|\leq n<N$ $n$ { $s_{a}^{q}(n)=K_{n}$ ;
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4. $q$ $p$ .
$q$ , $q\leq p$ $q\in B_{a}^{N}$ .
7.5. $a\in Q$ $\omega^{\omega}$ $\mathrm{N}_{a}$-name $\dot{f}$ , $B_{a}^{\dot{f}}=\{p\in \mathrm{N}Q$ :
$a\in D^{p}$ $j\in F_{a}^{p}$ } $\mathrm{N}_{Q}$ ( dense .
. $p\in \mathrm{N}_{Q},$ $a\in Q$ , $j$ $\omega^{\omega}$ $\mathrm{N}_{a}$ -name . 73 ,
$a\in D^{p}$ .




[ . , $r\leq q$ $r\in B_{a}^{j}$ . $\text{ }$
7.6. $L=$ {$p\in \mathrm{N}_{Q}$ : $x\in D^{p}$ $|s_{x}^{p}|\geq 2\cdot|F_{x}^{p}|$ } $\mathrm{N}_{Q}$
dense .
. 7.4 , $\max\overline{D}^{p}$ . ( 45
. ) $\text{ }$
7.7. N $\mathrm{c}\mathrm{c}\mathrm{c}$ .
. 76 $\mathrm{N}_{Q}$ dense $L$ $\mathrm{c}\mathrm{c}\mathrm{c}$
.
$A$ $L$ . $\Delta$-system lemma , $A’$ ,
1. $\{D^{p} : p\in A’\}$ $r$ root $\Delta$-system , ,
2. $x\in r$ { , $p\in A’$ ( $s_{x}^{p}$
. , $A’$ 2 condition $\mathrm{N}_{Q}$
compatible .
$*15$ , $F_{a}^{q}$ name $r$ , $r$ $\mathrm{L}\mathbb{O}\mathbb{C}$ condition
(3)( 7.1) .
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78. $\mathrm{V}$ , $G$ $\mathrm{V}$ $\mathrm{N}_{Q}$-generic . $\mathrm{V}[G]$ ,
$a\in Q$ , $\varphi_{a}=\cup$ { $s_{a}^{p}$ : $p\in G$ $a\in D^{p}$ } . , $a\in Q$ ,
$G$ $a=G\cap \mathrm{N}_{a}=$ {$p$ $a:p\in G$} .
73 7.4 , $a\in Q$ \mbox{\boldmath $\varphi$} , , $\varphi_{a}\in S$
.
7.9. $\mathrm{V}[G]$ , $a\in Q$ $f\in\omega^{\omega}\cap \mathrm{V}[G[a]$ ,
$n<\omega$ ( $f(n)\in\varphi_{a}(n)$ .
. 75 N .
7.10. $a\in Q$ , Ha=H, .
, $a\in Q$ $H\text{ }\in N$ . $\{H_{a} : a\in Q\}$ $\subseteq$
$(Q, \leq)$ , $N$ cofinal , .
7.11. $a\in Q$ . $\mathrm{V}[G\mathrm{r}a]$ $X\subseteq 2^{\omega}$
, XH .
. 79 5.4 .
7.12. $\mathrm{V}[G]$ , $2^{\omega}$ $X$ , XH $a\in Q$
.
. 414 .
7.13. $a,$ $b\in Q$ , $a\leq b$ $H_{a}\subseteq H_{b}$ .
. 7.11 .
5 , $a\in Q$ , ra=r, Ra=R, . ,
6 , $r_{a}$ $\mathrm{N}_{a}$-name $\dot{r}_{a}$ , $p\in \mathrm{N}$ , $a\in D^{p}$
$|s_{a}^{p}|=n$ , $p$ $\dot{r}_{a}\mathrm{r}n$
.
7.14. $a,$ $b\in Q$ [ , $a\not\leq b$ $H_{a}\not\subset H_{b}$ .
. $a\not\leq b$ . $R_{b}\neq\emptyset$ , , $R_{b}\cap H_{b}=\emptyset$ , RbH
.
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$p\in \mathrm{N}_{Q}$ $N<\omega$ . 73 , $a,$ $b\in D^{p}$ .
, $q\leq p$ $n>N$ , $q|\vdash_{\mathbb{N}_{Q}}$ “$\dot{r}_{b}(n)\in s_{a}^{q}(n)$” ( .
, $n<\omega$ $r_{b}(n)\in\varphi_{a}(n)$ , RbH
.
$n= \max\{N, |s_{a}^{p}|, |s_{b}^{p}|\}+1$ .
4.4 , $p’\leq p$ , $|s_{b}^{p’}|\geq n+1$ . , $a\not\leq b$
, 4.4 , , $s_{a}^{p’}=s_{a}^{p}$ $F_{a}^{p’}=F_{a}^{p}$ $p’$
.
condition $p’$ , $\dot{r}_{b}(n)$ . , ( $p’|\vdash_{\mathrm{N}_{Q}}\dot{r}_{b}(n)=k$
.
, $|F_{a}^{p’}|\leq|s_{a}^{p}’|\leq n$ , 4.4 , $q\leq p’$ ,
$|s_{a}^{q}|\geq n+1$ $k\in s_{a}^{q}(n)$ [ .
$q$ , .
, .
7.15 (Null ideal ). $(Q, \leq)$ , well-founded
, , strict upper bound ( ,
$A\subseteq Q$ , $b\in Q$ , $a\in A$ $a<b$
) . , N , $(N, \subseteq)$ $Q$
cofinal $\{H_{a} : a\in Q\}$ . , $\{H_{a} : a\in Q\}$
.
1. $X\in N$ , XH $a\in Q$ .
2. $a,$ $b\in Q$ , $a\leq b$ , { $H_{a}^{\cdot}\subseteq H_{b}$ .
7.16. $(Q, \leq)$ well-founded , null ideal
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